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Abstract 

We prove that the short-pulse equation, which is derived from Maxwell equations with formal 
asymptotic methods, can be rigorously justified. The justification procedure applies to small- 
norm solutions of the short-pulse equation. Although the small-norm solutions exist for infinite 
times and include modulated pulses and their elastic interactions, the error bound for arbitrary 
initial data can only be controlled over finite time intervals. 



1 Introduction 

Short pulses play an important role in nonlinear optics nonlinear meta-materials [21] , and 

mode-locked lasers [22]. The classical envelope equations such as the nonlinear Schrodinger equation 
are no longer valid as the pulse width is only few carrier wavelengths, instead of thousands of these. 
Short-pulse approximations have been derived in this context by using geometric optics [1] , nonlocal 
envelope equations with full dispersion [3j|8], and a regularized nonlinear Schrodinger equation [7]. 
These models have been rigorously justified similarly to the justification procedure of the classical 
nonlinear Schrodinger equation [10\ I12j. Under the term "rigorous justification", we understand 
that the error between solutions of the original and approximated equations is controlled over 
sufficiently long time intervals. 

Another model for short pulses with few cycles on the pulse width was derived by Schafer & 
Wayne [19] . We term this model as the short-pulse equation and write it in the form, 

A iT = A + (A 3 )x, (1.1) 

where r £ M + is the evolution time, £ £ R is the spatial coordinate, and A(t,£) € K is the amplitude 
function. Note that A is no longer an envelope of harmonic linear waves, compared to the nonlinear 
Schrodinger approximation. 

The short-pulse equation (jl.ip represents the class of nonlinear wave equations with low- frequency 
dispersion, which reduce in the dispersionless limit to the inviscid Burgers equation. Local well- 
posedness of the short-pulse equation was established in H S (M) for s > | [19j[20]. Using a hierarchy 
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of conserved quantities of the short-pulse equation [3] , solutions with small H 2 norm were extended 
globally for infinite time |16j . On the other hand, solutions with large H 2 norm were proved to 
blow up in a finite time [32]. The blow-up behavior resembles wave breaking when the amplitude 
A remains bounded but the slope steepens up, similar to the self-steeping behavior of the inviscid 
Burger equation. 

Sakovich & Sakovich found that the short-pulse equation is integrable by means of the 

inverse scattering transform [T7|. By a coordinate transformation, this equation is reduced to the 
sine-Gordon equation in characteristic coordinates, which admits exact modulated pulse (breather) 
solutions [18]. Multi-pulse solutions as well as periodic wave solutions of the short-pulse equation 
were later found by Matsuno |14j [T5] . 

It is the purpose of this article to justify the applicability of the short-pulse equation (jl.ip to 
dynamics of pulses in the framework of the scalar Maxwell equation, 

u t t -u xx + u + (u 3 ) xx = 0, (1.2) 

where t E x E M, and u(t,x) E M. Compared to the full electromagnetic theory, the scalar 
Maxwell equation (|1.2p is only the toy model. It has been used before to construct the breather 
solutions on a finite spatial scale by means of the spatial dynamics methods [9]. 

Regarding justifications of the short-pulse equation, Chung et al. [5] developed the justification 
analysis for the linear version of the short-pulse equation by working with oscillatory integrals and 
roots of the dispersion relations in a more complicated system of Maxwell equations. They also 
illustrated numerically that the nonlinear version of the short-pulse equation, derived heuristically 
with a formal renormalization procedure, yields a very good approximation of the modulated pulse 
solutions in the limit of few cycles on the pulse width. 

We shall now develop the nonlinear justification analysis by using the local existence results 
and apriori energy estimates. For the purpose of justification analysis, it is difficult to work with 
solutions of the scalar Maxwell equation (|1.2I) in Sobolev spaces H S (M) with higher index s > 
using the scaled variables of the short-pulse equation (jl.ip . These norms diverge as e — > 0, the 
higher is the index, the faster is the divergence. To avoid this difficulty, we shall implement the 
coordinate transformation from the beginning and work with the error term in the scaled variables. 
Specifically, we use the transformation of variables, 

u(t,x) = 2eU(T,0, r = et, Z = ^, (1-3) 

and rewrite the Maxwell equation (|1.2|) in the equivalent form, 

U Ti = U + {U\t: + e 2 U TT . (1.4) 

The short-pulse equation (jl.ip appears from the equivalent Maxwell equation (jl.4p by neglecting 
the last term e 2 U TT . 

The main result of our justification analysis is the following theorem. 
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Theorem 1 Fix s > \ and T > 0. Let A G C([0,T],H s 
equation hl.l\) such that 



be a local solution of the short-pulse 



sup \\A(t,-)\\ H s + sup \\A t (t, -)\\ H s-i + sup \\A tt (t, -)\\ H s-2 + sup \\A ttt (t,-)\\ H s-3 < S, 

re[0,T] re[0,T] tE[0,T] r£[0,T] 

_ (1-5) 

/or some <5 > 0. Assume that there is e > 0, Uq G // 3 (]R) ; and Vq 6 i? 2 (IR) suc/i £/za£ 



|[/ " ^(0, Ollfla + \\V Q - A T (0, -)\\ H1 < e. 



;i.6) 



For a sufficiently small 5 > 0, i/iere exist e > and Co > snc/i i/toi /or a// e G (0, eo) £/iere exists 
a unique solution 

U G C( [0, T] , # 2 (R) ) n C 1 ( [0, T] , H 1 (M) ) n C 2 ( [0, T] , L 2 (M) ) , 

o/ i/ie Maxwell equation subject to the initial data U(0, •) = [To, C/t(0, ■) = Vq satisfying 



sup ||^(r,.)-A(r,.)|| H 2 < Cae- 
re [o,T] 



(1.7) 



Remark 1 Condition M.5\) can be satisfied from constraints on the initial data of the short-pulse 
equation see Corollaries 0, and Loosely speaking, these constraints are satisfied when 

the first three anti- derivatives of A(0,£) in £ are square integrable. 



Remark 2 In terms of the variables of the original Maxwell equation il.2\) , we can rewrite the 
constraints ( ti.6]) and fl. 7| ) in £/ie equivalent form, 



(0, •) - 26^ (0, -) ^ < Ce 1 ' 2 , u t (0, •) + A^ (o, -) ^ < Ce 1 ' 2 



and 



sup 

tS[0,T/e] 



u(t, •) - 2eA ei, 



2e 



tf 2 



/or some C, C > 0. If A G # 2 (M) and e -4 0, tfien 



2e 



ff2 



0(c 



-1/2n 



A' 



2c 



Oie- 1 ' 2 ). 



H 1 



;i.9) 



(1.10) 



Bounds ll.8\) . Iil.9\) . and /il.l0\) show that the error terms between solutions of the short-pulse 
equation and the scalar Maxwell equation in the original variables are also 0(e) smaller than the 
leading order terms. 



Organization of the paper: Sections 2 and 3 describe local solutions of the short-pulse and 
Maxwell equations respectively. Section 4 is devoted to energy estimates for the error term between 
solutions of the short-pulse and Maxwell equations. Section 5 gives the proof of Theorem Q] by using 
a continuation argument together with the energy estimates. 
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Notations: H S (M) for s > denotes the Hilbert-Sobolev space equipped with the norm 

1/2 



(i + k 2 y\f(k)\ 2 dk 



where / is the Fourier transform of /. We shall intersect these spaces with H m , m £ N, equipped 
with the norm ^ 

\\f\\H- m = Uk- 2m \f(k)\ 2 dk\ . 

If / € H~ m (M>), then the m-th order anti-derivative of / is square integrable. 
We define the anti-derivative of / € L 2 (R) n fl" _1 (R) by 

re 



Under the condition / € L 2 (K) n H~ 1 (M), the anti-derivative of / is not only square integrable, 
but also continuous and decaying to zero as |£| — > oo thanks to Sobolev embedding. In particular, 
/ is the mean-zero function satisfying the constraint J"^^ f(£)d£ = 0. 

Constant C stands for a generic e- independent positive constant, which may change from one 
line to another line. 

Acknowledgments: This project was initiated during the workshop on short-pulse equations 
organized at the Fields Institute (May, 2011). D. Pelinovsky is partially supported by the Alexander 
von Humboldt Foundation. G. Schneider is partially supported by the Deutsche Forschungsgemein- 
schaft (DFG) grant SCHN 520/8-1. 



2 Local solutions of the short-pulse equation 

We shall start with the local well-posedness of the short-pulse equation (ll.ip . An improved local 
existence result is obtained by Stefanov et al. [20, Theorem 1]. The following statement will be used 
in the estimates for the error terms generated by the local solutions of the short-pulse equation. 

Lemma 1 ]2Q$ Fix s > |. For any Aq £ H S (R), there exists a time To = to(\\Aq\\h s ) > and a 
unique strong solution of the short-pulse equation such that 

A € C([0, t ],H°(R)) n ^((0, t ],H s -\R)) (2.1) 

and A(0, •) = Aq. Moreover, the local solution depends continuously on the initial data Aq. 

We will need some estimates on the higher derivatives of the local solution A with respect to r. 
Applying the anti-derivative d^ 1 to locally integrable functions in the distribution sense, we obtain 
from the short-pulse equation (jl.ip . 

A T = d^A + (A% (2.2) 
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A TT = d- 2 ^ + 3(^ 2 ) e d~ 1 A + 4A 3 + jj(A 5 )^, (2.3) 
A TTT = d^A + d^A 3 + 18A 2 d^ 1 A + 3(A\d- 2 A + 6A^d- 1 A) 2 

+ f (A^d-'A + 1 ^{A\ + (2.4) 

This chain of equations shows that the derivatives of the local solution A in r can be controlled 
if the anti-derivatives of A in £ are controlled. The following lemma gives an useful result for this 
purpose. 

Lemma 2 Let B G L 2 (R) and either (a) F = G$ with G G C([0, r ], L 2 (K)) or ^ F G 
C 1 ([0, tq], L 2 (R)) /or some tq > 0. The linear inhomogeneous short-pulse equation, 



B Ti .=B + F, 
B(0,-)=B , 



(2.5) 



admits a unique solution B G C([0,tq],L' 



Proof. Let S(r) = e r9 « : L 2 (R) — > L 2 (IR) denote the fundamental solution operator associated 
with the linear short-pulse equation B T ^ = B. Using the Fourier transform, we see that the operator 
S(t) is norm-preserving for any r G K in the sense ||5'(r)i?o||L2 = ||i?o|iL 2 for any Bq G L 2 ' 

In case (a), we rewrite (I2.5P in the integral form, 



B(t, •) = S(t)B + [ T S(t - t')G(t', -)dT'. 
Jo 



(2.6) 



From the norm-preserving property of S(t) and the assumption on G in (a), we obtain a unique 
solution B G C([0, r ], L 2 (M)). 

In case (b), using the decomposition B = —F + 5, we rewrite the initial-value problem (j2.5[) in 
the equivalent form, 



B T = d^B + F r 
B(0,-)=B , 



(2.7) 



where -Bo = Bq + F(0, •) G L 2 (M). By Duhamel's principle, the initial-value problem (|2.7p can be 
written in the integral form, 

B(t, •) = 5(r)B + f T S(t - t')F t (t', -)dr'. (2.8) 
J o 

From the norm-preserving property of S'(t) and the assumption on F in (b), we obtain a unique 
solution B G C([0, ro], L 2 (R)) and hence the assertion of the lemma. □ 

We shall now use Lemmas [T] and [2] to control the anti-derivatives of the local solution A in £. 

Corollary 1 Fix s > |. If Aq £ H S (M.) nH~ 1 (M.), then the local solution of LemmaU\ satisfies 

d^A€C([0,To],H s+1 (R)), A€C\[0,7 b ],H'- 1 (R)). (2.9) 
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Proof. Because A G C([0,tq], H S (R)) from Lemma HJ we only need to prove that A G 
C([0,t ],L 2 (K)) in order to show that d^A G C([0,t ], H S+1 (R)). Then, A G C^O,-^], iZ" s_1 ( K )) 
from equation (|2.2p . 

Let us denote £?W := 97 1 A From equation (|2.2p . we can see that it satisfies 

B« = B« + (A 3 ) 5 . 

Recall that H S (R) is a Banach algebra with respect to pointwise multiplication for any s > \. By 
Lemma [2] in case (a), if B^ ] G L 2 (R), then G C([0,r o ], L 2 (R)). □ 

Corollary 2 Fix s > |. If Aq £ H S (R) riH~ 2 (R), then the local solution of LemmaU\ satisfies 
d- 2 AeC([0,T ],H s+2 (R)), d^AeC^^rolH^R)), A G C 2 ([0, t ], H s ~ 2 (R)) . (2.10) 

Proof. Denote := <97 2 yl and compute 

B^=B^=B^+A 3 . 

We note that F = A 3 G C^QO, r ], F 2 (M)) because of property (j!T9l) . By Lemma [2] in case (b), 
if B<) 2) G L 2 (R), then F( 2 ) G C([0, t ], L 2 (M)). Hence ^" 2 A G C([0, r ], # S+2 (M)) and G 
C 1 ([0,r ],fl' s (M)). Then, 4 G C 2 ([0,t ],-EP~ 2 (K)) follows from property (JUS]) and equation (1231) . 

□ 

Corollary 3 Fix s > f. If Aq G iF(M) n i/ _2 (R) and d^ 3 A + d^A^ G L 2 (R), then the local 
solution of Lemma[J\ satisfies 

AeC 3 ([0,T ],H s - 3 (R)) (2.11) 
Proof. Denote £ (3) := d7 3 ^4 + d^A 3 and compute 

We note that F = 3A 2 ^M + 9A A A^ G C7 1 ([0, r ], L 2 (R)) because of property (l2~T0]l . By Lemma| 

in case (b), if B^ 3) G L 2 (]R), then B^ G C([0, r ], L 2 (M)). Then, A G C 3 ([0, r ], H S -' 3 {R)) follows 
from property ()2.10j) and equation ()2.4p . □ 

Small-norm solutions are known to exist for infinite time of the short-pulse equation. This result 
was originally proved in H 2 Theorem 1]. Using the blow-up alternative for the short-pulse 
equation [13\ Lemma 2], one can extend this result to any s > 2. To be precise, we have the 
following result. 

Lemma 3 /73J \W$ Fix s>2. If Aq £ H S (R) and 

Kllia + Kllia<^ (2-12) 

the maximal existence time of the local solution of Lemma [7] extends to infinity. Moreover, there 
exists C > and a unique solution A G C(M+, H S (R)) of the short-pulse equation ( tFij) with 
A(0, •) = A such that \\A(t, -)\\h» < C for all r G R+. 
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In the justification analysis, we need small-norm solutions to control linear error terms. However, 
the justification analysis only holds on finite time intervals in r. 



3 Local solutions of the scalar Maxwell equation 



Local well-posedness of the quasi-linear equations was studied by Kato [TT]. To employ his formal- 
ism, we shall rewrite the scalar Maxwell equation (jl.2p as a system of quasi-linear equations with a 
symmetric matrix. Because solutions of the short-pulse equation are small solutions of the Maxwell 
equation in the L°° norm, we can assume that ||n||£°° < and write 

u\ = ut, 112 = (1 — 3u 2 ) 1//2 u x , U3 = u. (3.1) 
The scalar Maxwell equation (|1.2p is equivalent to the system of first-order quasi- linear equations, 



d 


Ul 




dt 




+ 




. n 3 . 









1 







-3U 2 ) 1 / 2 





d 


Ui 




dx 






. U 3 . 





-u 3 



l-3u'( 



3u±U2U3 
l-3u 2 

til 



(3.2) 



By Theorems II and III in [IT], we have the existence of a unique solution of system (|3.2[) for 
the vector (m, U2, U3) in space C([0, t ], H S (R)) nC^O,^],^ 8 " 1 ^) for some t > and s > §. 
Coming back to the scalar Maxwell equation (jl.2p . this result is formulated as follows. 



Lemma 4 JiiJ / Fix s > |. For any uq £ H 



s+l 



and v G i?'' 



V3' 



there 



exists a time to = to(||^o||_ff s + 1 + ||^o||h s ) > and a unique strong solution of the scalar Maxwell 
equation h 1.2(1 such that 

u 6 C([0, t ] , H s+1 (R)) n C 1 ([0, to]i H s (R)) nC 2 ([0, t ] , H 8 - 1 (R)) , (3.3) 

subject to the initial data u(0, •) = no anc? Ut(0, •) = vo. Moreover, the local solution depends 
continuously on the initial data (uo,vo). 

Since the existence time to m ay depend on the initial norm ||tio || j/^+i + ||fo||_ff s , it may be difficult 
to continue the local solution for infinite time if the norms increase along the local solution. In some 
cases, blow-up in a finite time is possible in the H s+1 norm for u(t, •). Although we are not able 
to eliminate the blow-up in a finite time, we know from the main result (a-ii) of Yin |23} Theorem 
2.3] that the blow-up occurs simultaneously in all norms in H s+1 for any s > |. In other words, 
we have the following lemma. 



Lemma 5 f23f The maximal existence time for the local solution in Lemma [7] is independent of 



s > § in the following sense. If two local solutions of the scalar Maxwell equation hl.S\) exist 



u g c([o,ti), # Sl+1 (M)) n c^Qo,^),^ 1 ^)) nc 2 ([o,ti),# 



si-l 



(3.4) 



and 



u e c([o,t 2 ), # S2+1 (R)) n c 1 ([o,t 2 ),^ S2 (R)) nc 2 ([o,t 2 ),H s ^\R)), (3.5) 

for the same initial data u G H Sl+1 (R) n H S2+1 (R) and v G H Sl (R) n H S ' 2 (R) with s x , s 2 > § and 
si 7^ S2, then t\ = t 2 - 
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Results of Lemmas 2] and [S] are useful to establish the precise blow-up criterion for the Maxwell 
equation (jl.2p . which will allow us to prove the estimates for the approximation in the £f 2 -norm 
and to avoid energy estimates in higher Sobolev spaces. 



Lemma 6 The local solution in Lemma blows up in a finite time to < oo if and only if 

limsup(||it(t, -)||l°° + \\ut(t, -)\\l°° + \\ux(t, = oo. (3.6) 

Proof. We only need to prove the necessary condition since if condition (|3.6p is satisfied, then the 
local solution u blows up in H s+1 -norm for s > |. In order to prove the necessary condition, we 
proceed by the contradiction. We assume that the solution blows up in the H s norm in a finite 
time to < oo but Mo, M\, M 2 < 00, where 

M = sup \\u(t,-)\\ L °°, Mi = sup \\ut(t, Olli 00 , M 2 = sup \\u x (t, -)\\ L ^ . (3.7) 
te[0,t o ] te[o,t ] te[o,t ] 

Because of the independence of the blow-up time from the index s in Lemma [5j it suffices to consider 
the simplest H s+1 norm for u with s = 2 > |. 

Let us define the sequence of energies for the scalar Maxwell equation (jl.2p . 



Ei(u) = (u 2 + u 2 + ul(l - 3u 2 ))dx, (3.8) 
Jr 

E 2 {u) = f(u 2 x + u 2 tx + u 2 xx (l - 3u 2 ))dx, (3.9) 
Jr 

E 3 (u) = [ (u 2 xx + u 2 txx + u 2 xxx (l - 3u 2 ))dx. (3.10) 
Jr 



As previously, we consider small-norm solutions with Mq < -4=. 

V3 

Multiplying equation (|1.2|) by ut, we obtain the energy balance equation, 

IdExiu) 



2 dt 



-3 / uutu 2 dx, t€.[0,to], (3-11) 
Jr 



where the decay of u,ut,u x to as \x\ — > 00 is used. This decay is justified for any local solution 
of Lemma HI Under the assumption (|3.7p . there is C(Mq) > such that 



dExiu) 



dt 



<C{Mo)M M 1 E 1 {u) Exiv) < J Ei(n )e c ( M °) M ° Mlt , t£[0,t }. (3.12) 



Therefore, E\(u) cannot blow up in a finite time to if Md, M\ < 00. 



Differentiating equation (jl.2p in x and multiplying the resulting equation by ut x , we obtain the 
energy balance equation, 

ldE 2 (u) f 2 



2 dt 



3 / uutu 2 x dx — 6 / u\ut x dx — Yl I uu x u xx ut x dx, t & [0,to], (3.13) 
Jr Jr Jr 
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where the decay of u tx ,u xx to as \x\ — > oo is used. Again, this decay is justified for any local 
solution of Lemma HI Under the assumption (|3.7p . there is C(Mq) > such that 



dE 2 (u) 



dt 



< C(M Q )(M M 1 + 2M| + 4M M 2 )E 2 (u) 



E 2 (u) < E 2 (u )e 



C(M )(M Mi+2M$ +4M M 2 )t 



te [0,to]. 



(3.14) 



Therefore, E 2 (u) cannot blow up in a finite time to if Mo, Mi, M 2 < oo. 

We need one more computation for E 3 (u) to obtain a contradiction in the space H 3 for u. 
However, because of the integration over x € M, we can not work directly with the local solution 
u and need the approximating sequence {u^} n ^ of local solutions in Sobolev space of a higher 
index s = 3 > |. Applying density arguments and continuous dependence from initial data, 

we approximate the initial value uq € i7 3 (R) and vq 6 H 2 (M) by functions £ -ff 4 (M) and 



u£° G H 3 (R), such that _> Uq in tf 3 and -»• in H 2 as n -> oo. The approximating 
sequence {u( n )} ne N of local solutions of the Maxwell equation (jl.2p is generated by the sequence of 
the initial data {^o^lneN an d {^o JneN- 

Differentiating equation (|1.2p twice in x and multiplying the resulting equation by u txx , we obtain 
the energy balance equation, 

ldE 3 (u^) 
2 



dt 



u {n) ut\u x n lfdx 



-18 



(uW)^_36 / (4")) 2 nWu£idx-18 / uW^uWfidc 
Jm. Jr 

n^(u x n J) 2 utldx, te[0,t ], (3-15) 



where the decay of u^ x , Uxx X to as \x\ 



oo is used. This decay is justified for the approximating 
sequence {?/ n )} n6 pj of local solutions of Lemma H] with s = 3. Under the assumption (|3.7|) for the 



approximating sequence {u^ n ^} ng N rewritten as Mq , iW} n , AQ < °°) there is C(Mq ) > such 
that 



dE 3 (u^) 



dt 



< 



C(M^ n) )(M^ n) M[ n) + 12(M 2 (n ) ) 2 + 9M,5 n) Mf ) +9M (n) £ 2 1/2 («W))£ 3 (u ( ' i) ), (3.16) 



where the Gagliardo-Nirenberg inequality is used to estimate the last term of (I3.15h . 



u ^ \ u xx) u txx^ x 



< M, 



(n)||„,(«) 







(n)i|2 



^texlli 2 \ \ u xx II L 4 



r(«)||„,(«) 



<-' M y ' l '\\v y ' 1 ' ILolb/W ll 1 / 2 !!?/ I"'"" 
— 1V1 \\ a txx\\L 2 \\ u xxx\lL 2 W Uxx \\l 2 



,3/2 



< C(M W )£ : 



(nW/2 r „(n) 



)E 3 (u 



Since E^u^) — > E 3 (uq) as n — > oo, we infer from the continuous dependence of the local solution 
u on initial data no that E 3 (u) cannot blow up in a finite time to if Mq, M\, M 2 < oo. Hence, we 
have the contradiction and the criterion (|3.6[) is a necessary and sufficient condition for the blow-up 
of local solutions of the Maxwell equation (|1.2j) in finite time. □ 

The results of Lemmas H] and [6] can now be rewritten for the equivalent Maxwell equation (II. 4h 
in new variables (11.31). 
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Corollary 4 Fix s > § and C > independently of e. For any U G and V £ £P(R) 

suc/i t/ioi ||C/o||l°° < Co, i/iere exzsis an e-independent time T = T(\\Uo\\ H s+i + ||Vo||/p) > and a 
unique strong solution of the equivalent Maxwell equation fli.^[ ) for any e ^ such that 

U(t,-) € C([0,eT],F s+1 (M)) n (^([O, eT],iP(R)) n C 2 ([0, eT], if^QR)), (3.17) 

subject to the initial data U(0, •) = Uq and U T (0, •) = Vq. Moreover, the local solution blows up in 
a finite time tq < oo if and only if 

limsup(||l7(T,-)||£« + ||Kr(T,-)lk<» + = oo. (3.18) 

Proof. The result follows from Lemmas |4] and [6] by the transformation of variables fll .3[) . □ 

To continue with the justification analysis, we decompose a solution of the Maxwell equation 
(|l,4p in the form U = A + eR, where A is a solution of the short-pulse equation (jl.ip and R is the 
error term satisfying 

R iT = R + e 2 R TT + (3A 2 R + 3eAR 2 + e 2 R 3 )^ + eA TT . (3.19) 
We shall now control solutions of this error equation by using apriori energy estimates. 



4 Energy estimates for the error term 

Let us define the energy for the error term, 

E= [ (R 2 + Rj + R% + 2e 2 R 2 T + e 4 i? 2 T ) dx. (4.1) 
Jr 

By Sobolev embedding, the energy space E < oo is embedded into the space of continuously 
differentiable functions in £ on R, which are decaying to zero at infinity as |£| — > oo and are 
bounded by 

\\R\\l°° + \\Rzh~> <CE 1/2 (4.2) 

In addition, if A is a strong solution of the short-pulse equation from Lemma [1] satisfying property 
(|2.10p of Corollary [2] and E < oo, then i?^ T defined by equation (|3.19p belongs to L 2 (M) such that 

\\Rir\\iP < 4 A tt\\l* + ||i?|| L 2 + e 2 \\R TT \\ L 2 + 3(||A||i<» + e\\R\\ L ^) 2 \\R^\\ L 2 

+6e(||A|| L oo +e||i?|| L oo)||^||2 2 + l2(||A|| L oo +e||i?|| L oo)||^|| L2 ||i? 5 || L 2 
+3(2P|| L =o||i2|| LO o +e|| J R||| 00 )||%|| i2 +6||i?|| L ^||^|| 2 2 . 

The previous lengthy estimate can be greatly simplified if R belongs to the energy space (|4.ip and 
A belongs to a ball of a finite radius 5 > in the function space C([0, T], H S (M.)) for fixed s > | 
and T > 0. In this case, there is an (e, ^-independent constant C > such that 

H^Mls < C (5e + E 11 / 2 + J 2 ^ 1 / 2 + 5e£ + e 2 £ 3/2 ) . (4.3) 

By Sobolev's embedding, this gives the control of R T in L°° norm with the bound 

WeRrh^ < C (e 1/2 + be 2 + 5e 2 E + e 3 £ 3/2 ) . (4.4) 
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Moreover, R T is a continuous function of £, which decays to zero at infinity as |£| — > oo. 
The main result of this section is the following lemma. 



Lemma 7 Under the assumptions of Theorem^ the rate of change of the energy J^.l[ ) is given by 

d 



dT ,E + E) = J, (4.5) 
where 

\E\ < C (eE + 5 2 E + 5eE 3/2 + e 2 E 2 ^j , (4.6) 

\J\ < C (SE 1 ' 2 + 5 2 E + 5E 3 / 2 + e£ 2 ), (4.7) 

for some (e, 5) -independent constant C > 0, as Zong as the solution remains in the function space 
R e C([0,T],H 3 (R))nC 1 ([0,T],H 2 (R))nC 2 {[0,T] 1 H 1 (R)). (4.8) 

The proof of Lemma[7]is based on a number of elementary but lengthy computations. Multiplying 
equation f|3. 19|) by R^, we derive the first balance equation, 

ih(-\ R l +e2R z RT 

+ | Qtf - \e 2 Rl + \A 2 R\ + \{A 2 \,R 2 + eA^R 3 + 3*4flfl| + ^ 2 i* 2 i?f) 

= -e^ rT -3AA c i?| + -(A 2 )^i? 2 + e% s i? 3 -9e^i? J R|-3eAi?|-3e 2 i?i?|. (4.9) 
Multiplying equation f)3. 19|) by R T , we derive the second balance equation, 

^ (l R2 + V R2 ~ I a2r2 ~ 3eARR2 ~ r 2R2R l 



+ lk \\ R * + 3a2r ^ Rt + 6eARR a R T + 3£ 2 R 2 RtR^J 

= -eR T A TT - 3AA T R 2 - 3(A 2 )^RR T - 6AA^R T 

-3eA^R 2 R T - 6eA^RR^R T - 3eA T RR\ - 3eAR 2 R T - 3e 2 RRlR T . (4.10) 

If R belongs to the energy space E < oo, we can integrate the balance equations (|4.9|) and (|4.1Up 
over £ in R and use the decay of R, R^, and R T to zero at infinity as £ —> oo. As a result, we obtain 
the energy balance equation, 

-j- [ ( l -R 2 + \e 2 R 2 T + l -R 2 - e 2 R^Rr - \a 2 R 2 - 3eARR 2 - ^R'R 2 ) <% 
" r Jr \^ * * * * J 

= e f(Rt- R T )A TT d£ + 3 1 (AA^R 2 - (AA^^R 2 - AA T R 2 + 2AA^RR^ T ) d£ 
Jr Jr 

+e / (-A^R 3 + 9Aj:RR 2 + 3AR 3 , - 3A^R 2 R T - 6A^RR^R T - 3A T RR\ - 3ARIRt) 
Jr 

+3e 2 [ RRj (i? c - R T ) d£, (4.11) 
Jr 

11 



where the integration by parts is performed to obtain 

/ ((A^^RRt + 2AAt.Rt.Rr) d£ = - / 2AA i RR r zd£. 
jr " Jr 

We still need estimates of the rate of change of ||i?^||^ 2 and \\e 2 R TT || 2 2 . Taking the derivative 
of equation (|3.19p in £ and multiplying the resulting equation by R^, we derive the third balance 
equation, 

§p (~l R h + ^ 2 %^) + 1 (l R ! - + \ A2R h + ^ ARR h + r 2R2R h + r 2R i 

= -eR^A TT ^ - 15AA ( R 2 ^ - 18(AA C )^R^ - 6(AA ( )^RR^ - 3e% € i? 2 % 

-18e%i?i? ? % - 15eA ( RR 2 ^ - 18eA ?J R|% - IbeAR^R 2 ^ - 15e 2 RR^R 2 ^. (4.12) 

Finally, taking the derivative of equation (I3.19P in r and multiplying the resulting equation by 
R TT , we derive the last balance equation, 



1 o \ 

\A 2 R\ T + 3(AA^Rl - 3eARR 2 T - -<?R 2 R\ T J 



\.. TT 



d ( 1 2 1 2 2 

- ^-i? r + -e ^ TT 

( -^?r + 3A 2 .R TT %. + 6eARR TT Rj: T + 3e 2 R 2 R TT R^ T 

= -ei? rr yl TrT - 3AA r i?| T - 6>l J 4^i? rr ^ T - 6 J 4 J 4 r i? rr i? 5€ 

+3(A4 T )^i? 2 - 6(AA r )^i?^ rr - 12(AA T ) € l? e J t 2 rr - 3e% r i? 2 il 

— \2tA^ T RR^R TT — QeA T (^RRt:)^R TT — QcA^RR T R TT — \2€A^R^R T R TT 
-6eA c RR TT R Cr - 3eA T RR\ T - 6eAR T R TT R^ - 6eAR^R TT R (T - 3eAR T Rj T 

— ()€ 2 R 2 R T R TT — 6e 2 RR T R^R TT — 6e 2 RR^R^ T R TT — 3e 2 RR T R 2 T . (4.13) 

Let us now assume the decay of R, R T , R^, R T £, R TT to zero at infinity as £ — > oo. The decay 
holds for the local solution of Corollary U on the short time interval [0, eT], since the assumptions 
of Theorem Q] corresponds to s = 2 > | in Corollary [H Integrating the balance equations ()4.12|) 
and (|4.13p multiplied by e 2 over £ in R, we obtain the energy balance equation, 

+ t I R (-r 2A2R l-r + ^ 2 ( AA ^Rr ~ 3e 3 ARR 2 T - ^R?R\\ d£ 
= e f {Rt.t-A TTi -e 2 R TT A TTT )di+ [ (h + el 2 + e 2 l 3 )d!i, (4.14) 

JR JR 



where 

h = 15AA^Rl i + 18(AA^^R a + 6(AA i ) a RR^-3e 2 AA T Rl T -6e 2 AA ( R 
-6e 2 AA T R TT R a + 3e 2 (AA T ) a R 2 T - 6e 2 (AA T )^RR TT - 12e 2 (AA T )^R. 
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h = 3%^ 2 % + 18%^% + IhA^RR 2 ^ + 18vl c i?|% + IbAR^R 2 ^ 

— 3e 2 A^ T R? R TT — 12e 2 A^ T RR^R TT — 6e 2 A T ^RR^)^R TT — 6e 2 A^RR T R TT — 12e 2 A^R^R T R T1 
— 6e 2 A^RR TT Rj: T — 3€^A T RR^ T — 6e 2 AR T R TT R^ — 6e 2 AR^R TT R^ T — 3£ 2 ^4i? T -R| r 

and 

-Z3 = lbRR^R 2 ^ — Qe 2 R^R T R TT — Q€^RR T R^R TT — 6e 2 RR^R^ T R TT — 36 2 RR T R 2 T . 

Recall the assumptions on A in Theorem QJ Using bounds (jl.5p . (|4,3p . and (|4.4[) together with 
the Cauchy-Schwarz inequality, we obtain (|4.5p . (|4.6p . and (|4.7p from (|4.1ip and (|4.14p . The proof 
of Lemma [7] is complete, as long as the local solution R remain in the class of functions (|4.8p . 



5 Continuation arguments and the proof of Theorem [T] 

We shall now finish the proof of Theorem [TJ Assumption (|1.5p is satisfied for a local solution of 
the short-pulse equation (II. ip according to Corollaries HJ [21 and [3] for any fixed s > | and T > 0. 
Assumptions (jl.6p after the decomposition £/ = A + ei? is rewritten in the form, 

\\R(0,-)\\ H 2 + PM0,-)||fli <1- (5-1) 

This assumption implies that the initial energy E\ t= q < 00 and E\ t= q = 0(1) as e — > 0, where the 
evolution equation (|3. 19j) must be used. Let us denote E at the time r > by E(t). 

Since R(0, •) G # 3 (M) and i? T (0, •) G # 2 (IR) by the assumption of Theorem QJ Corollary H with 
s = 2 implies that there exists a local solution 

R G C([0,eT],H 3 (R)) nC 1 ([0,eT], J ff 2 (M))nC 2 ([0 J er], J H' 1 (R)) (5.2) 

of the residual equation (I3.19P . Because of the blow-up criterion (I3.18P in Corollary HI we can 
extend the existence interval to [0, T] as long as R is controlled in the energy space E(r) < 00 for 
rG[0,T]. 

By Lemma El we have 

E(t) + E(t) = E(Q) + E(Q) + I J{T r )dT'. (5.3) 

J 

We use bounds (I4.6P and (|4.7|) . the elementary bound 2E 1 ' 2 < 1 + E, and Gronwall's inequality. 
As a result, for a sufficiently small <5 > 0, there are eo > 0, Co > 0, and C\ > such that for all 
e G (0, eo), the following bound holds, 

E(t) < C (E(0) + 5T)e ClST , r G [0,T]. (5.4) 

Hence, we have E(t) < 00 for any r G [0, T], so that the local solution of the residual equation 
(|3.19p is extended to the whole time interval [0,T]. Because E(0) and T are e-independent, the 
proof of Theorem [TJ is complete. 
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